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Generalizations of Sleszynski-Pringheim’s convergence criteria for ordinary
continued fractions are proved for noncommutative continued fractions in Banach
spaces. Some of them are exact generalizations of the scalar results.  © 1996 Academic

Press, Inc.

1. INTRODUCTION

We consider expressions of the form
A\(B +Ax(--)7 1 Cy)NC (1)

where 4,, B,, C, are elements of a complex Banach algebra M, called non-
commutative continued fractions. They occur in computations of various
mathematical and physical problems, for example in control theory for
expansion of the transfer function of multivariate control systems, as
solution of quadratic equations in Banach spaces, also in numerical
mathematics for calculation of square roots of matrices, in theoretical
physics for investigations of the Brownian motion and of the anharmonic
oscillator eigenvalues as well as in perturbation theory. An extensive bibli-
ography of their applications we find in [1].

The object of this paper are generalizations of the well-known
Sleszynski-Pringheim convergence criteria for ordinary continued fractions
cf. [5].

A first result, which is related to one of Sleszynski-Pringheim’s
Theorems is given by Denk and Riederle [1]. However they need an
additional condition, so it is inconvenient to apply and for creation of
other criteria like in the scalar case.

The new convergence criteria for noncommutative continued fractions,
contained in this paper, are closely connected with the main results of
Sleszynski-Pringheim, in some cases they are even exact generalizations.
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2. DEFINITIONS AND NOTATIONS

Throughout this paper M denotes a complex non-commutative Banach
algebra with norm |- |, identity £ and [[E| =1. M* will be the set of
invertible elements of M.

DerFmNiTION 1. For keN let S.: N, > M, N, =M,

Su(X):=A(B,+X)" "' C,, where 4,, B,, C;, e M.
IfR,:=8,0---08,0) exists we call R, the nth approximant of (1). If

R, exists for all ne N and lim,_, , R,=Re M then we say (1) converges
and has the value R. We write

A(By+A,( - )71 Cz)il Ci=R
If R, is well-defined we have

anAl(Bl—l—AZ(”'(B}172+An71(B)171
+AaniICn)7] C'nf])i1 "')71 C2)7] C‘1'

In order to discuss the behaviour of the functions S, we define a new
distance on the ball K;:={Xe M | |X| <J} with a suitable J <1, which
has originally been introduced by Earl and Hamilton [2] and Hayden and
Suffridge [4]:

A function f: Ks;— M 1is called differentiable in K, if its Frechét
derivative Df(X) exists for all Xe Kj.

For differentiable f let Df(X)[ Y] be the Frechét-Differential of f in
XeKs. f is called continuously differentiable in K, if the mapping
Df: X— Df(X) is continuous for all Xe K;. Now let F; be the set of all
continuously differentiable functions f: K;— K;. For XeK;, YeM we
define

a5(X, Y) :=sup [DAX)[ Y]]

feF;

Let y be a continuously differentiable curve in K with y: [0, 1] - K; and
7(0)=X y(1)=7Y. For the set of all such curves we write C,(X, Y). Then
the J-length of y is defined as

1
Ly(y) = a0, /(1)) di

and the J-distance between X and Ye K as

p(s(X’ Y) = lnf Lr;(y)'

ye Ci(X. Y)
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LemmA 1 (Properties of py(X, Y) [4]).
(i) For X, Ye Ky, o' <9, we have

X =Yl <ps(X, Y)< X =Y

S6—o
(1) Let he Fy be a function, such that for some ¢ >0

g Ks—>K;, Y W(Y)+c(WMY)—h(X))is € Fy forall Xe K,

1
then ps(h(X), h( Y))gm ps(X, Y) forall X, YeKjs.

3. CONVERGENCE THEOREMS

We consider the function
S(X)=A(B+X) 'C, A, CeM, BeM*
and require that
[AB~| IC| < (1 —¢)(1—||B~Y) holds for some &> 0.

Then for all Xe K, ,, the Neumann series implies: S(X) is well defined
and [S(X)| <1 —e.
It is easily seen that its Frechét-Differential

DS(X)[Y]=—A(B+X) " Y(B+X)"'C is continuous for all
XeK, ,,and YeM,sothat SeF, ;.

On the other hand the function
g(Y):=8(Y)+(e/4)(S(Y)—-S(X))eF, ., for all XeK, ,, and so
by Lemma 1 we have
1
P1_op(S(X), S(Y)) < 1+ /4 Proep(X,Y) forall X, YeK,_,;.

This property is fundamental to the following

THEOREM 1. Let (A,), (B,), (C,) be sequences with A,, C,eM,
B, e M* ¥neN, suppose that for some ¢ >0 and for each ne N either

I14,B, 1€l < (1 =2)(1 =B, ') (2)
or
4, 1B, Cull < (1 —e)(1— 1B, ') (3)

holds. (Not necessary (Yn(2)) or (¥Yn(3)).)
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Then (1) converges and for its value R and nth approximants R, we have

(I—e)(1—g2)/ 1 \
e <1+8/4>'

4
[RI<l—¢&  and IR,—R| <

Proof. Let ||4,B, | |C,l|<(1—¢)(1—|B,"|). The alternative
inequality (3) is treated in the analogous way. For all Xe K, ,, we obtain

IS(X)|<1—¢ VkeN, thus SuX)ek, ,,

hence Syo --- 0§, (X) is well defined VXeK, _,,, especially for X=0 we
have

R,=8,0---25,0) exists and IR, I<1—¢ VneN.

n

The preliminary note shows, that we get a common contraction factor for
all functions S, on the ball X, ,,, so by Lemma 1

IRy k= Ry =[Sy -+ 08, 4(0) =Sy -+ 2S,(0)]]
SP1—ep(S1(S20 -+ 08, 1(0)), $1(Sz0 -+ 2 5,(0)))

1
<m plfs/Z(SZO w08, 1(0), S50 - 05,(0))

1 n
<<1-|-8/4> plfz:/Z(SnJrlo OS}1+k(O)5 0)

I\ 4(1—¢/2)(1—¢)
<<1+8/4> &

Vn, ke N.

Hence R, is a Cauchy sequence and therefore converges. Further the
inequalities hold for k — oo and we obtain the estimation for |R—R,]|.
This completes the proof of Theorem 1.

Remark. 1If we put M =C, then we have the ordinary continued
fractions, where 4, and C,, together play the role of the numerators. In this
case Theorem 1 is comparable with the Sleszynski-Pringheim convergence
criterion cf. [5].

We know from the scalar case, that equivalence transformations (i.e.
transformation of a continued fraction into another with the same
approximants for all n e N) are suitable to create new convergence criteria.
A simple but very useful transformation for our continued fractions is the
following
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LEmMMA 2. Let (D,)cM* be any sequence with D,=E. Then the
continued fractions

A(B +A45(---)1Cy) 7 C
and
A(B +A5(--) 1 Cy) 7' T,
with
A,=A,D

n n ns

EnanDn, and 6;7=CnDn,1 for ne N,

are equivalent.

Proof. For S(X)=A,B,+X) ' C, it follows by induction:

S0 oS (X)=S8,0--oS(XD").

—_

Since D, e M*, S(X) exists exactly if S,(XD, ') exists, hence we have

IerzzglO Ogn(o)zslo OSH(O):RH'

Let (p,) be a sequence of numbers, p,>1, B,e M*. If we choose
D,=p,|B;'| E for neN, then condition (2) for 4,, B,, C, as in
Lemma 2, implies

14,D,D, B, 1C,D, | <(1=e)(1 =D, B,

1
< |4,B, | IIC I B, po_i <(1—¢) <1_p>
pn_l

= ||4,B, ' |Gl 1B, <(1—¢) :
PuPn—1

n—1

This leads to

THEOREM 2. The continued fraction (1) converges if there exists a
sequence of numbers (p,), p,=1Vn=1 and some ¢>0 with

a—1
14,B, 111G, 1B, < (1—e) P2 (4)
Pun—1Pn

or

_ — Dn—
1A 1B, Y Cll 1B, < (1 —e) ———
Pn—1Pn

n—1

Vn>2. (5)
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Proof. If (4) holds for n>2 then Ay B,+Ady---)"'C;) ',
converges by Theorem 1 and its value 7 and approximants T, satisfy

- ~ 1
|T||<1—¢and |T,||<1—e, furthermore |B; || =p—< 1.
1

hence by the Neumann series: S,(7,) =R, and S,(7) = R exist. It follows
by Lemma 2 that R, —» R (n— o), for we have two equivalent continued
fractions. Condition (5) implies convergence in the analogous way.

Remark. Theorem 2 is a generalization of a further Theorem of
Sleszynski-Pringheim cf. [5].

A first generalization of this Theorem is due to Denk and Riederle [1].
They need a strong additional condition for the numbers p,, which has
unpleasant consequence for applications, especially for creation of other
convergence criterions by proper choice of p,.. The new results are suitable
to generalize many of the known criteria for ordinary continued fractions
to continued fractions in Banach Algebras. We renounce to specify this.

Let us have a look upon a special form of continued fractions. We
choose

C,=E for all ne N, then (1) becomes 4,(B, +A,(---)~ 1~ (6)

In this case we are able to discuss convergence also by the following
recurrence relations:

Let P_,=E P,=0, P,=P, B, +P, -4,
and Q,IZO, Q():E, Qn:anandl_anZAn for n>1

for n>1

If R, exists we have R, =P, Q, "' (especially Q, € M *), therefore we call P,
the nth numerator and Q, the nth denominator of (6).
On the other side let

Q(f)l = O’ Qg)k) :E and QS/[/") = Qiqk—)an-%—k + inkl2An+ks
then R, of (6) exists if
0", eM* forall 0<k<n see[6].

For P, and Q, we have the identity

n—1

PnQn_]: z (_l)kAlBrlQoAzQz_]Qll‘hQ;l"‘Qk—lAk+1Q1c_l1 (7)

k=1

(if Qe M* for all k) [3].
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Now we state
THEOREM 3. (6) converges if A, #0, B, e M*,
I4,B, | <1—|B,"|
and

14,0, 11 1B, I <1—1B, "]

The value R of (6) satisfies |R| <1

VneN. (9)

Remark. Inequality (8) ensures that Q' exists, so the left side of (9)
makes sense, subsequently (8) follows immediately from (9).

Proof of Theorem 3. Let G,:={XeM||XB,'|<|B,"|}, then
S(X)=A4,B,+X) " exists VXeG,, because 4,#0 and (8) implies

1B, ' <1.
Further (8) guarantees

- - |4
1S,(X) B, 1| < | 4,(B, + X) 1B, 1| ST

hence S,(X)eG,_, VXeG,,.
Because 0 e G, Vne N, we have

;|
1—HB 'l

1B, 1 <IB, I,

R,=S8,0---085,(0) exists and furthermore Q, e M*.

n

By the recurrence formula in connection with (8) it follows:

19,1l

— 19, 14,8, |

HQnH = H(anl + anzAanil) Bn“ >

1
HB BT 19, 1l = <|Bnl|_1> 19, -l

hence

[:

1
1Qall = 11Q0 -1 ><|B—‘|_l> (1Q 1l =19, -2
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and therefore

1 1
_ S(— 1) [ —— —
HQnH Hanl‘l ><|B"1| > <|321| >(|Q1| HQOH)

1 1
><1—1>'“<1—1>
1B, | 1B

14,B, ' 4B

> — — >0,
1B, 1B
so || Q, | strictly increases.
Thus
& 1 1
z -
i =1 1kl 11Okl
converges. (9) and the above computation imply
1 1
1Qk il 11Okl
_ 19kl = 19k 1|
1Ok 1l 1 Okll
L B e -1
1B 1By 1Ol 195
_U=IB D 19k ol (1=1B5 1D 1Qoll (1= 11811}
1B, 1Okl 1B Qa0 B 0]

> |4 Q Qe —all -+ 14205 1Qoll 14,0171

Thus
> A4 07 1Qoll 142057 -+ 10k —sl 14,0
k=1

converges and by (7) we obtain lim,_, ., R,=1lim,_, , P,0, " exists.
At last |Q,l = | E| implies

Y <l
k=1 1@kl 1Okl

and so |R| <.
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Using the transformation method in a similar way like above we obtain:

THEOREM 4. Let A,#0, B,e M* then (6) converges, if there exist real
numbers p, =1 such that

_ — pn_l
14,B, 1B, !l < ——
Pn—1Pn
and
pn_l

n—1Fn

14,0, 112l 1B, 1B, 2 < Vn=2

and strict inequality holds for at least one n.

Proof. We have to use another equivalence transformation:
For D,e M* ¥Yn>=1 we put

Z] :AIDU ZzzAzDza Zn:D;izAnD
B,=B,D,,B,=D;',B,D,, n>2.

A, (B,+A4,(---)"") ! and (6) are equivalent. For the nth numerators
and denominators we have P,=P,D, and Q,=0,D,. This follows by
induction (compare [6]).

Now we choose D,=p, ---p, | B[l --- B, "|| E, then

AxBy+Ay(---)7 )" (10)

n>=3 and

ns

complies with the prerequisites of Theorem 3. Thus (10) tends to Te M.
The strict inequality for at least one n > 2 ensures that 4,(B, + T) ! and
all its approximants exist. Altogether (6) converges.

Remarks. 1. Both Theorem 3 and Theorem 4 are generalizations of
the well-known scalar convergence criteria, similar to Theorem 1 and
Theorem 2. The outstanding property of these results is, that if we put
M = C we have exactly the Sleszynski—Pringheim results.

2. Theorem 3 and Theorem 4 of course hold in the analogous way if
we consider continued fractions (B, + (B, +(---) "' C;) ' C,) 7! C;.
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